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ABSTRACT

This is an attempt to share with my colleagues some experiences related to Optimal Experimental
Plans and particularly to ones that were introduced by me and have the general name of | plans (I
because they are plans to estimate integral indexes of the response function).

Theme: Optimal Experimental Plans
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Introduction: In different scenarios, engineers, researchers, etc need to estimate not the values of
the response functions in certain points, they need to estimate some integral indexes of this
function. To this idea is dedicated this paper

Body:

What is the researched object?
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Optimal Experimental Plans

The set of parameters which define the state of the object is divided in the following groups:

= Input variables (vector of input variables) X = (Xl, Xo ot Xy, ) . In this group we have the

controllable parameters of the object. The values of these parameters are inside given
intervals and they are given by the schedule of the technological process or technical

constrains and are of the form X; nin < Xi < Xj max ; 1=12,---,m;

= Output variables (vector of output variables) Y = (yl, Yo, Yy ) . In this group we have

the variables that contain information about quantity and quality characteristics of the output
product.

= Ingroup Z we include the variables that we can control but we cannot manipulate.

Z=(2,2,,25).
= |ngroup fj we include variables that we cannot control neither manipulate. In this group we

have noises and we do not know the points where they are applied, we neither know the time

characteristics nor the power of then. p = (pl p2 <o pI )

It is clear from the way that we defined the universe of signals that only the once that belong to X could
be manipulated.

In case of active experiment all the variables that belong to ﬁ will be represented by equivalent

addition noise € applied to the output.

Variables from Z , whose characteristics during the experiment are known will be considered as

variables that belong to group X .

Let us assume that we have one output signal, then the response function can be represented as
y= 7]()?, é)-l— € where
€ is the noise with the following properties:
E(e) =0 the mean of the noise is zero. E is the mean operator ;
E(ei .ej ): OVi # j this means in different point of the factor space X;, Xj where the output is

i .
measured € and eJ are not correlated ;

. o - _
D(e' ): 0 “ VI this means that dispersion of the noise in all points of factor space Xi is the same.
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The last two conditions can be written other way around E{e.e } oW where
W is the unit matrix with dimension equalsto N X N
N is the amount of experiments (amount of measures of the output
e ) is the vector of the values of the errors in the points where the measures were

e’:(el’ez’...’

taken;

E iS the mean operator;
n(%,6)= 6% (x);

. - coefficients of the model;

fi (X)— given functions of input variables.

The schema of the object can be given now by the following sketch
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What do we want to do?
Sometimes we want to find not the discrete value of the response function and instead we want to find

some integral indexes of the function, it means

Y( = [n(x 9)+ e]w

= ]| £0,1,%)+e o, ()%

U fy
Q

The estimation of the indexes we will find:

where IL_IJ- is the estimated index;
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Y is the output parameter (output variable);

9i is the estimation of the coefficient 9i of the model;

a)j (Y) given not random weight function that in general depends of the input factors;

Q) is the given region of factor space where we calculate the integral idexes;

j = 1, M ; M is the amount of calculated integral indexes.

We will look for the estimators of the coefficients of the model inside linear class of estimators, what

means:
0=Ty;

Where y' = (yl, Yo, Yn ) is the vector of the values of response function in different points Xi of

the factor space;

Nis the amount of experiments and

T is a matrix with dimension K x N
We will look for estimators with the following characteristics

—

- E(,LI)Z My ear What means that their expected value will be the same as the real value of the

integral indexes;

~
— —

!
- limp (ﬁ - ﬁreal ) (/Jn — Hreal )Z f = 0 what means that the estimation converge

n—oo

from the probabilistic point of view to the real values of the estimated parameters. Index N

~

signify that estimation ﬁn was obtained after N measures and f is any in front given

positive number and

~ ~
—

- D(,u )S D(ﬁo ) where D(ﬁ) covariance matrix and D(ﬁo ) is the covariance matrix of

any unbiased estimations of ﬂo

These estimators are known as the best linear estimators and the estimations that we obtain are the
best linear estimation of the integral index of the response function.
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It is known that in order for us to improve the quality of the properties of the statistic estimations
we need, somehow, to select points in the factor space to do our measures, it means, WE NEED TO
PLAN THE EXPERIMENT!!

Today we can find in the literature different type of experimental plans.

When we plan an active experiment, the necessary statistic material for the estimation of the
parameters is collected following a define research program. Research program is the experimental
plan and it satisfies certain criterion of optimality.

About Experimental Plans

They are divided in exact and continuous plans.

Exact plans are optimal for a given number of observations N

The task of finding an optimal exact plan is done by finding where, in the plan region, measurements
should be taken to satisfy the given criterion of optimality.

If the obtained plan is concentrated in N < N points them we can define the observation frequency in

r
point | as §| = m , Where r, is the number of observations done in point X| . From what was

n
said we have Z §| =1 where gﬂ proportion of observations that were done on point X| considering
=1
the total amount of done observations as the unit.

The main characteristic for exact plans is that r| = §| N where r| is a positive integer.

Continuous plans are not related to a specific number of observations. These plans are given by a
positive probability metric é‘(X) , that is Ldf(X) =1. A continuous norm plan & is the
following set of magnitudes : X

X1 X2 . . . Xp
o=

I -

where  Xj are points of the spectra of the plan
and Xj € X where X is the planning region;
§I is the frequency of observations in corresponding points of the plan.

We can find a correspondence between Norm Plans, Norm Information Matrix of the Plan and Norm
Covariance Matrix.
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Norm Information Matrix of the Plan is given by: L(é‘) = I f (X)f '(X)d f(X) where
X

f ’(X) = ( fl(X), f2 (X), e, fk (X)) is the base in which the response function is decomposed.
In the case that the metric is contained in a finite number of points we have :
n
L(g)= & f(xi)f'(x)
=1

And the Norm Covariance Matrix is:

D(e)= L X(e)

Statistic properties of the estimation of integral index of response functions

Let us assume that 77( , 9) is a function linear related to parameters, this is: 77( ) of (X)

where  T/(X) = (f,(%), f(X),-- (X))

In the points X7, X5, -+ X, were done independently measures Y1, Y2, ", Yn with
2 2

2
dispersions equalto 0 1,0 2,°**,0 N

We will analyze only linear estimation for 6 what means that we are looking for such estimations that
could be represented as & = TY where y’ = (yl’ Yo, yn) and T is a matrix with dimensions
kxn.

It is known from literature the following theorem:
. N 2 -1 . .
The best linear estimation for the unknown parameters Oae =B Y where matrix Bis equal to
2.
B= ZV f ( ) ( |) and is not a degenerated matrix; V; = O "i . Covariance matrix of
o 2 -1
estimation is equal to D\@)=B .

One corollary of the above theorem is that the estimation of any linear combination t = C & will be

t - C(9 Covariance matrix of estimations t is equal to D CD(@k:
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Let us demonstrate that our estimations of ﬁ (integral indexes of response function) are linear

combination of the coefficient of the model:

~ k
7(x.8)= 3 0jtj(x)
J:
Elm]= o (X’)U(X’,é)dh | oy (X)% 0 fJ(X)di(’z
Q Q |=

=01 Joy (X) R (X)X + -+ B [ @] (X)fic (X)X
Q Q

Using matrix notation we can represent the last expression as:

Jorfrdx - [y fdx
o o |2
#: : oo e : :

[orfrdx - [op fmdx \ Om

Q Q

H
Where ﬁ: :
yzi

It is known too that the best linear estimation for & minimizes the sum of the weight squares of the
difference between the real value and the one that is calculated by the model (Lease Square Method,
LSM)

5(60)= X uly, - ' (%)oF
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If we put together what was said in the statistic properties of the estimation and what LSM says we can
conclude that covariance matrix for our integral indexes is the following:

g)wl(@fl(%)d% o [y (%) (X)dR
D(f2) = gD(0)¢' where ¢ = : : :
Jo,(X)f(R)dX - Jo,(X)f,(X)dx

Why is actual the problem?

In different situation scientists, engineers and researchers could find one or more of the following real
problems:

estimation of the mean value of the response function and not the function itself;

estimation of the volume of raw material in a mine;

estimation of the amplitude of harmonics in a complex signal;

estimation of some ordinates of transformed function;

- estimation of the power of a signal for given frequencies.

What is the objective of the experiment?

Estimate Elﬁl J ;

Where E[ﬁl J= ja)l (X’)n()?,é?)jx
o K
And U(X’ 9)—'— €= Z:‘9| f| (X)+ € is the response function
=1
which is known except for the numerical values of the parameters.

() Isthe given region of factor space;

I=1M M number of integral indexes that need to be calculated and
] )
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) (X) given non-random weight function of input factors.

What do we need to find?
*

We need to find: € that belongs to the class of continuous and norm plans E such that
produces the minimum value of variance of the estimator ﬁ .

Definition of Experimental | D Optimal Plan

*
Plan ¢ isan I D optimal plan if and only if it minimizes the determinant of the Covariance Matrix,
that is,

min det D(;llg): det D(/% . j or max det L(ﬁg*)z det L(/_jg*)
ccE < ek

WhereL is the plan Information Matrix
| D is the plan which minimizes the volume of the dispersion ellipsoid.

Some examples:

The response function mean value estimation. Application # 1

We will assume that we have a weight function = 1 then:

Elu |= J‘ ()‘(’ é)dx , is the mean value of the response function;
,Ul UAUY

Meaning: in different technological objects the inputs can change
Ximin = Xj = X max

we need to estimate the mean value of the output index.

Estimation of the amplitude of given harmonic of the response

function. Application # 2

The given information is the same as before with the exception of weight functions. In this problem they
are the same as the Fourier series,

@(x) =[sin(x),cos(x),sin(2x),cos(2x),---,sin(Mx),cos(Mx )]
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17 1L kx _ 27 1L kz
El |=— [ cos— xn(x,& )dx Elz |=— [ sin—xn(x,0)dx
L_L L L—L L

Meaning: a parametric signal which describes complex periodic movement is given and we need to
select some of its components

Estimation of some ordinates of a given transform function.

Application # 3

Given: parametric signal 77(5(, 19) in the region X
A transformation to region OM is performed.

This means

—

X e X (X’ é)—> N e OM (a),ﬂ) where 77(‘0’:3): jh(w,)‘(’)n()‘(’,é)dx

and h(a), )‘(’) weight functions that areused to go from region X to region O|\/|

- . _ lox . . . . .
Significance: if h w,X)=¢€ then we are applying Fourier Transformation to the input signal and
we want to estimate the power of this signal for given frequencies.

Analytic synthesis of al D plan

Given: 77(X, é): 90 + Q]_X Xe X = [—1,1]

* -1 0 1
e eE=
h 1-211 Kk

We need to find a plan E which belongs to class norm and continuous plans and it will give the
minimum dispersion for the estimation of mean value of the response function in the region X

D(§)—>min

ek 10
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That is,

Let us find the Information Matrix of the Plan. L(&‘) _ g II f (XI )f !(Xi ) —

i=1
1 -1 10 11y (1 O
=1 +(1—2|1 +h =
-1 1 0 0/ 111 (0 2K
Vector ¢ in this case has the following form ¢ = (2’0)
. A 1 0o
men D(S)=gD() = gLy = (20 L) | [=4
2

This result tells us that estimation dispersion of the mean of the response function does not depend of
the frequencies of the plan, meaning that we can distribute the resources the way we want.

We can use 50% in the extremes (any person will think that this is the correct distribution and different
type of optimal experimental plans recommended so) or you can put all your resources in the center of
the plan.

The physical meaning of this result is that for accurate estimation of the mean value of a straight line
you can distribute the resources uniformly at the ends of the plan region or you can put the resources all
on the plan center to accurately estimate the free term.

Some conclusions

- It is really convenient to have optimal experimental plans that specifically deal with integral indexes of
the response function.

- Some results were totally unexpected.
- There are many applications for these plans.

- There is a numerical method to synthesize these type of plans based on nonlinear optimization
and use the Rosembrok’s algorithm on rotation of coordinates.

11
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